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Abstract
We theoretically investigate long-range interactions between an excited L state He atom and
two identical S state He atoms, for the cases of the three atoms all in spin singlet states or all in
spin triplet states, denoted by He(n0
λS)-He(n0
λS)-He(n′0 λL), with n0 and n′0 principal quantum
numbers, λ = 1 or 3 the spin multiplicity, and L the orbital angular momentum of a He atom. Using
degenerate perturbation theory for the energies up to second-order, we evaluate the coefficients C3
of the first order dipolar interactions and the coefficients C6 and C8 of the second order additive and
nonadditive interactions. Both the dipolar and dispersion interaction coefficients, for these three-
body degenerate systems, show dependences on the geometrical configurations of the three atoms.
The nonadditive interactions start to appear in second-order. To demonstrate the results and for
applications, the obtained coefficients Cn are evaluated with highly accurate variationally-generated
nonrelativistic wave functions in Hylleraas coordinates for He(1 1S)-He(1 1S)-He(2 1S), He(1 1S)-
He(1 1S)-He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ), and He(2 3S)-He(2 3S)-He(2 3P ). The calculations
are given for three like-nuclei for the cases of hypothetical infinite mass He nuclei, and of real finite
mass 4He or 3He nuclei. The special cases of the three atoms in equilateral triangle configurations
are explored in detail, and for the cases where one of the atoms is in a P state, we also present
results for the atoms in an isosceles right triangle configuration or in an equally spaced co-linear
configuration. The results can be applied to construct potential energy surfaces for three helium
atom systems.
PACS numbers: 34.20.Cf, 32.10.Dk, 34.50.Dy
*Email: lytang@wipm.ac.cn
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I. INTRODUCTION
We recently demonstrated for the case of three Li atoms with two atoms in their ground
states and one atom in the first excited P state that their long-range (i.e. atoms sufficiently
separated that electron exchange is negligible) interactions exhibit a first order interaction
potential dependent on the geometrical configuration of the atoms and that in second order
additive and non-additive dispersion interactions appear [1] (subsequently referred to as
Paper I). These long-range interactions are in sharp contrast to the case of three ground
state atoms, where geometric-configuration non-additive dispersion interactions (sometimes
called Axilrod-Teller-Muto terms) appear in third order, cf. Ref. [2]. Our results provide
accurate long-range potential energies of electronically excited Li trimers and the results
may be useful in the analysis of processes such as optical blockade effects [3] and cooperative
spontaneous emission [4] where long-range dipole-dipole interactions amongst several atoms
appear.
In the present paper, we extend the theory of Paper I to the case of three He atoms.
We investigate the long-range interactions between an excited L state He atom and two
identical S state He atoms, for the cases of the three atoms all in spin singlet states or all
in spin triplet states, denoted by He(n0
λS)-He(n0
λS)-He(n′0
λL), with n0 and n
′
0 principal
quantum numbers, λ = 1 or 3 the spin multiplicity, and L the orbital angular momentum
of a He atom.
Interactions between three ground state He atoms were studied extensively, and elaborate
calculations of three-body interactions, including dispersion interactions contributions, are
available (see, for example, Ref. [5] and references therein). The three-ground state He atom
calculations are valuable for modeling liquid 4He and solid He [6], for recombination and
scattering studies [7], investigations of Efimov states [7, 8], and thermophysics [5].
Rare gas metastable helium atoms have been widely used in many studies [9] such as
photoassociation spectroscopy [10], metastable loss in magneto-optical traps [11], Penning
ionization [12–15], and associative ionization [11]. Indeed, the three-body loss rate in a
4He(2 3S) Bose-Einstein condensate was measured providing evidence from the trimer sys-
tem 4He3(2
3S) for a universal three-body parameter [16]. For the case of two metastable
He atoms, with one atom in excited P -state level, the first-order resonant dipole-dipole
interaction produces an interatomic potential varying as C3/R
3, where the corresponding
coefficients C3 for weakly bound dimers of helium atoms were given in many papers [17, 18]
(and references therein). However, due to the degeneracy, these coefficients may not be used
in the study of helium clusters or the study of atom-molecule and molecule-molecule collision
that involve a P -state atom. This is because, when a helium excited dimer turns into an ex-
cited trimer or a cluster involving excited atoms, the interactions between atoms are changed
due to quantum many-body effects. So to proceed with calculations of molecular He∗n ex-
cimer potential energy surfaces, investigations of the long-range multi-body interactions are
warranted. For example, early work by Phelps [19] studying the destruction of He(2 3S)
atoms using absorption measurements in a discharge found evidence for for the formation
of metastable helium dimers through the reaction He(2 3S) + He(1 1S) + He(1 1S) and evi-
dence that the three-body interaction between a bound He2(2
3Σ) molecule and a He(1 1S)
atom may be “repulsive or, at most, weakly attractive.” However, trimer excited potential
energy calculations were not available at the time, and, to date, may still be unavailable,
making interpretations based on collisional dynamics uncertain. Later studies, however,
confirm the importance and complexity, see Ref. [20] and references therein, of the kinetics
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between the He(2 3S) atoms and the vibrationally excited He2(a
3Σu) molecules. Further
work, such as we present here, concerning the long-range interactions of combinations of
three He atoms when at least one is metastable is desirable, and may lead to understanding
of various recombination and scattering processes.
In this work, we present our research on long-range interactions for three like helium atoms
involving at least one atom in an excited state. Using variationally optimized nonrelativistic
atomic helium wave functions in Hylleraas coordinates, we present our theoretical calcu-
lations of long-range interaction coefficients for He(n0
λS)-He(n0
λS)-He(n′0
λL) considering
the energetically lowest five states: He(1 1S), He(2 3S), He(2 1S), He(2 3P ) and He(2 1P ).
We present the additive “dipolar” interactions coefficients C3 and additive dispersion inter-
actions coefficients C6, C8 that enter, respectively, in first- and second-order perturbation
theory. We also evaluate the second-order nonadditive dispersion interactions coefficients
C6, C8 that contain a dependence on the geometrical configuration of the three atoms. In
addition, the coefficients are given explicitly and as numerical values for the three basic ge-
ometrical configurations of the nuclei in an equilateral triangle, in an isosceles right triangle
or equally spaced collinearly. Finally, long-range potentials in the sum of first and second
order energies for these three geometrical configurations are given.
Due to the quantum three-body effect, both the dipolar and dispersion interaction co-
efficients, for the degenerate He(n0
λS)-He(n0
λS)-He(n′0
λL) system, show a dependence on
the geometrical configurations of the three atoms. Currently, the obtained coefficients are
given in three very common configurations. But in this paper, we would also talk about
the connection of this degenerate three-body system with nondegenerate three-body sys-
tem and three-body atom-molecule system, which could be used in the study of three-body
recombination or ultracold atom-molecule collision.
II. THEORETICAL FORMULATION
In this paper, atomic units are used throughout. The three atoms are labeled by I, J
and K, with, respectively, internal coordinates σ, ρ, and ς. When the labels I, J , or K
appear, it is understood that cyclic permutation can be used.
In the present work, we take the mutual electrostatic interactions VIJ between pairs
of atoms for the He(n0
λS)-He(n0
λS)-He(n′0
λL) system as a perturbation. According to
degenerate perturbation theory, the zeroth-order wave function of the unperturbed system
can be written as, ∣∣Ψ(0)〉 = a |φ1〉+ b |φ2〉+ c |φ3〉 . (1)
where φ1, φ2, φ3 are three orthogonal eigenvectors corresponding to the same energy eigen-
value E
(0)
n0n0n′0
= 2E
(0)
n0S
+ E
(0)
n′0L
,
|φ1〉 =
∣∣ϕn′0(LM ;σ)ϕn0(0;ρ)ϕn0(0; ς)〉 , (2)
|φ2〉 =
∣∣ϕn0(0;σ)ϕn′0(LM ;ρ)ϕn0(0; ς)〉 , (3)
|φ3〉 =
∣∣ϕn0(0;σ)ϕn0(0;ρ)ϕn′0(LM ; ς)〉 . (4)
The expansion coefficients a, b, c are determined by diagonalizing the perturbation in the
basis set {φ1, φ2, φ3}, which depends on the geometrical configuration formed by the three
atoms. In the following, we show that all the dispersion interaction coefficients contain
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some of or all of these three expansion coefficients a, b, c leading to dependences on the
configuration of the three atoms.
For three well-separated helium atoms, the mutual interaction energy VIJ can be ex-
panded according to Refs. [2, 21]
VIJ =
∑
lI lJ
∑
mImJ
TlI −mI (σ)TlJmJ (ρ)W
mI−mJ
lI lJ
(IJ) . (5)
In Eq.(5), the multipole transition operators are
TlI−mI (σ) =
∑
i
Qiσ
lI
i YlI−mI (σˆi) , (6)
TlJmJ (ρ) =
∑
j
qjρ
lJ
j YlJmJ (ρˆj) , (7)
and the geometry factor is
WmI−mJlI lJ (IJ) =
4pi(−1)lJ
RlI+lJ+1IJ
(lI + lJ −mI +mJ)!(lI , lJ)−1/2
[(lI +mI)!(lI −mI)!(lJ +mJ)!(lJ −mJ)!]1/2P
mI−mJ
lI+lJ
(cos θIJ)
× exp[i(mI −mJ)ΦIJ ] , (8)
where RIJ = RJ −RI is the relative position vector from atom I to atom J , the notation
(a, b, . . .) = (2a + 1)(2b + 1) . . ., and PmI−mJlI+lJ (cos θIJ) is the associated Legendre function
with θIJ representing the angle between RIJ and the z-axis. If we now choose the z axis
to be normal to the plane of the three atoms, giving θ12 = θ23 = θ31 = pi/2, the associated
Legendre functions can be simplified as
Pml (0) =
1
2l+1
[1 + (−1)l+m](−1) l+m2 (l +m)!
[(
l +m
2
)
!
]−1[(
l −m
2
)
!
]−1
. (9)
ΦIJ denotes the angle between RIJ and the x-axis. It shows the dependence of the mutual
dipole-dipole interaction between two atoms on the orientation of the interacting dipoles
relative to the line connecting them [22]. Similar expressions result for VJK and VKI . For
simplicity, in this work, we transfer all these Φ into interior angles (α, β, γ) of the triangle
formed by the three helium atoms with the same method as used in Paper I.
A. The formulas for He(1 1S)-He(1 1S)-He(2 1S)
The second-order energy correction for the He(1 1S)-He(1 1S)-He(2 1S) system can be
written as
∆E(2) = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
|〈Ψ(0)|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉|2
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= −
∑
n≥3
(
C
(12)
2n
R2n12
+
C
(23)
2n
R2n23
+
C
(31)
2n
R2n31
)
, (10)
where χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς) is an intermediate state of the system with
the energy eigenvalue EnsLs;ntLt;nuLu = EnsLs + EntLt + EnuLu . It is noted that the above
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summations should exclude terms with EnsLs;ntLt;nuLu = E
(0)
n0S;n0S;n′0S
. C
(12)
2n , C
(23)
2n , and C
(31)
2n
are the additive dispersion coefficients. In this work we are only concerned with n = 3 and
4 in Eq. (10). The corresponding dispersion coefficients are
C
(IJ)
6 = (|AI |2 + |AJ |2)T1 + |AK |2T2 + (A∗IAJ + A∗JAI)T3 , (11)
C
(IJ)
8 = (|AI |2 + |AJ |2)R1 + |AK |2R2 + (A∗IAJ + A∗JAI)R3 , (12)
A1 = a,A2 = b, A3 = c , (13)
where a, b and c are defined in Eq. (1). The other terms in Eqs. (11) and (12) are given by
T1 =
∑
nsnt
K1(ns, nt, 1, 1) , (14)
T2 =
∑
nsnt
K2(ns, nt, 1, 1) , (15)
T3 =
∑
nsnt
K3(ns, nt, 1, 1) , (16)
R1 =
∑
nsnt
[K1(ns, nt, 1, 2) +K1(ns, nt, 2, 1)] , (17)
R2 =
∑
nsnt
[K2(ns, nt, 1, 2) +K2(ns, nt, 2, 1)] , (18)
and
R3 =
∑
nsnt
[K3(ns, nt, 1, 2) +K3(ns, nt, 2, 1)] . (19)
The Ki-Functions are defined by Eqs. (66)-(68) in the Appendix.
B. The formulas for He(n0
λS)-He(n0
λS)-He(n′0 λP )
1. The first-order energy
According to the perturbation theory, the first-order energy correction for the He(n0
λS)-
He(n0
λS)-He(n′0
λP ) system is
∆E(1) = 〈Ψ(0)|V123|Ψ(0)〉 = −C
(12)
3 (1,M)
R312
− C
(23)
3 (1,M)
R323
− C
(31)
3 (1,M)
R331
, (20)
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where
C
(IJ)
3 (1,M) = (A
∗
IAJ + A
∗
JAI)D0(M) , (21)
A1 = a,A2 = b, A3 = c , (22)
and
D0(M) =
4pi(−1)1+M
9(1−M)!(1 +M)! |〈ϕn0(0;σ)‖T1(σ)‖ϕn′0(1;σ)〉|
2 , (23)
where a, b, c are defined in Eq. (1). It should be mentioned that there exist only additive
long-range interaction terms at this order of perturbation.
2. The second-order energy
The second-order energy correction for the He(n0
λS)-He(n0
λS)-He(n′0
λP ) system can
be written as
∆E(2) = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
|〈Ψ(0)|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉|2
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0L
= −
∑
n≥3
(
C
(12)
2n (1,M)
R2n12
+
C
(23)
2n (1,M)
R2n23
+
C
(31)
2n (1,M)
R2n31
+
C
(12,23)
2n (1,M)
Rn12R
n
23
+
C
(23,31)
2n (1,M)
Rn23R
n
31
+
C
(31,12)
2n (1,M)
Rn31R
n
12
)
, (24)
where χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς) is an intermediate state of the system with
the energy eigenvalue EnsLs;ntLt;nuLu = EnsLs+EntLt+EnuLu . It is noted that the above sum-
mations should exclude terms with EnsLs;ntLt;nuLu = E
(0)
n0S;n0S;n′0L
. C
(12)
2n (1,M), C
(23)
2n (1,M),
and C
(31)
2n (1,M) are the additive dispersion coefficients, and C
(12,23)
2n (1,M), C
(23,31)
2n (1,M),
and C
(31,12)
2n (1,M) are the nonadditive dispersion coefficients. In this work we are only
concerned with n = 3 and 4 in Eq. (24). The corresponding dispersion coefficients are
C
(IJ)
6 (1,M) = (|AI |2 + |AJ |2)D1(M) + |AK |2D2 , (25)
C
(IJ)
8 (1,M) = (|AI |2 + |AJ |2)Q1(M) + |AK |2Q2 + (A∗IAJ + A∗JAI)Q3(M) , (26)
C
(IJ,JK)
6 (1,M) = Q4(AK , AI , 1,M, ηJ) , (27)
C
(IJ,JK)
8 (1,M) = Q4(AK , AI , 2,M, ηJ) , (28)
with
A1 = a,A2 = b, A3 = c, η1 = α, η2 = β, η3 = γ , (29)
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where a, b and c are defined in Eq. (1) and α, β and γ are the interior angles, and the other
terms in Eqs. (25)-(28) are given by
D1(M) =
∑
nsntLs
F1(ns, nt, Ls, 1; 1, 1; 1,M) , (30)
D2 =
∑
nsnt
F2(ns, nt, 1, 1) , (31)
Q1(M) =
∑
nsntLs
[F1(ns, nt, Ls, 1; 1, 3; 1,M) + F1(ns, nt, Ls, 1; 2, 2; 1,M)
+ F1(ns, nt, Ls, 1; 3, 1; 1,M) + F1(ns, nt, Ls, 2; 1, 1; 1,M)] , (32)
Q2 =
∑
nsnt
[F2(ns, nt, 1, 2) + F2(ns, nt, 2, 1)] , (33)
Q3(M) =
∑
nsnt
[F3(ns, nt, 1, 1; 2, 2; 1,M) + F3(ns, nt, 1, 2; 2, 1; 1,M)
+ F3(ns, nt, 2, 1; 1, 2; 1,M) + F3(ns, nt, 2, 2; 1, 1; 1,M)] , (34)
(35)
and
Q4(AK , AI , λ,M, ηJ) = 2
∑
ntMt
Re[A∗KAI e
i(Mt−M)ηJ ]F4(nt, λ,Mt; 1,M) . (36)
In the above (I, J,K) forms a permutation of (1,2,3). Many of the details of the perturbation
theory were given in Paper I. The expressions of the Fi appearing above are given by Eqs.
(A10)-(A13) of Paper I.
III. RESULTS AND DISCUSSION
In the present work, the atomic wave functions of helium were constructed variationally
using Hylleraas basis sets and the intermediate states were generated by diagonalizing the
helium Hamiltonian [23]. All relevant matrix elements of the multipole transition operators
were thus calculated, including the finite nuclear mass corrections [17]. With these, we
calculate the first-order dipolar and second-order long-range dispersion coefficients for the
He(n0
λS)-He(n0
λS)-He(n′0
λL) system.
According to the Eqs. (10)–(36), we can see that the dependence of these interaction
coefficients on the geometrical configurations of the three atoms is due to two reasons.
Firstly, all these coefficients contain the expansion coefficients a, b, c. The cause of this
dependence is the existence of the three degenerate states that are shown in Eqs. (2)–(4).
Secondly, these nonadditive interaction coefficients contain the interior angles of the triangle
α, β, γ formed by these three helium atoms. So in this paper, the expansion coefficients a,
b, c and the interior angles α, β, γ are called geometric parameters.
Now, let us reconsider the formulas of additive dispersion interaction coefficients that are
shown in Eqs. (11), (12), (21), (25) and (26). Since these coefficients do not contain the
interior angles α, β, γ, we can easily separate them into geometric parameters a, b, c, and
the interaction constants T1, T2, T3, R1, R2, R3, D0(M = 0), D0(M = ±1), D1(M = 0),
D1(M = ±1), D2, Q1(M = 0), Q1(M = ±1), Q2, Q3(M = 0), Q3(M = ±1) that are
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independent of geometrical configuration of the three atoms. For the He(1 1S)-He(1 1S)-
He(2 1S) system, T1, T2, T3 are connected to the second-order additive dispersion coefficient
C
(IJ)
6 . R1, R2, R3, are connected to the second-order additive dispersion coefficient C
(IJ)
8 .
For He(n0
λS)-He(n0
λS)-He(n′0
λP ) system, D0(M = 0) and D0(M = ±1) are connected
to the first-order additive coefficient C
(IJ)
3 (L,M). D1(M = 0), D1(M = ±1), and D2 are
connected to the second-order additive dispersion coefficient C
(IJ)
6 (L,M), and Q1(M = 0),
Q1(M = ±1), Q2, Q3(M = 0), and Q3(M = ±1) are connected to the second-order additive
dispersion coefficient C
(IJ)
8 (L,M). The values of these interaction constants for two helium
isotopes are listed in Table I and Table II, respectively. While, as shown in Eqs. (27) and
(28), the nonadditive interaction coefficients are inseparable, because they contain both the
expansion coefficients a, b, c and the interior angles α, β, γ.
Actually, with these interaction constants, we can easily find the connection between this
work and previous studies of long-range interactions for two-body system. For example, if
we set a = 1√
2
, b = ± 1√
2
, c = 0, our expressions describe the long-range interactions for the
two-body n0S − n′0L system. For example, for He(1 1S)-He(2 1S) system, T1, the second-
order dispersion coefficients C6 = T1+T3, C8 = R1+R3. For He(n0 λS)-He(n0 λS)-He(n′0 λP )
system, the first-order dispersion interaction coefficient C3(M) = D0(M), the second-order
dispersion coefficients C6(M) = D1(M), C8(M) = Q1(M) + Q3(M). Similarly, If we set
a = b = 0, c = 1, our expressions describe the long-range interactions for the two-body
n0S − n′0S system, where C6 = D2, C8 = Q2.
A. Dipolar and dispersion coefficients for He(1 1S)-He(1 1S)-He(2 1S)
1. zeroth-order wave function of He(1 1S)-He(1 1S)-He(2 1S)
In this work, we are only concerned with the equilateral triangle with R12= R23 = R31
=R. The perturbation matrix with respect to {φ1, φ2, φ3} thus becomes
H ′ =
 A D DD A D
D D A
 , (37)
where
A = ∆11 = ∆22 = ∆33 . (38)
D = ∆12 = ∆13 = ∆21 = ∆23 = ∆31 = ∆32 . (39)
Solving the eigenvalue problem of the above matrix Eq. (37), one obtains the eigenvalues:
A+ 2D, A−D, A−D, and the corresponding zeroth-order wave functions:
Ψ
(0)
1,∆ =
1√
3
|φ1〉+ 1√
3
|φ2〉+ 1√
3
|φ3〉 , (40)
Ψ
(0)
2,∆ =
1√
2
|φ1〉 − 1√
2
|φ3〉 , (41)
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Ψ
(0)
3,∆ =
1√
6
|φ1〉 −
√
2
3
|φ2〉+ 1√
6
|φ3〉 , (42)
where the symbol ∆ denotes the equilateral triangle.
2. Dipolar and dispersion coefficients for the equilateral triangle
With these zeroth-order wave functions Eqs. (40)-(42) the corresponding long-range
interaction coefficients C
(IJ)
6 and C
(IJ)
8 for the isotopic He(1
1S)-He(1 1S)-He(2 1S) systems
are listed in Table III. We note that these coefficients C
(IJ)
6 and C
(IJ)
8 are all same and
positive for Ψ
(0)
1,∆ with the geometric parameter a = b = c = 1/
√
3. For Ψ
(0)
2,∆ with the
geometric parameter b = 0, a = −c = 1/√2, C(12)6 = C(23)6 and C(12)8 = C(23)8 . For Ψ(0)3,∆
with the geometric parameter b = −
√
2
3
, a = c = 1/
√
6, we also have C
(12)
6 = C
(23)
6 and
C
(12)
8 = C
(23)
8 . These relationships between these coefficients are due to the different values
of geometric parameters.
The curves of potential energy (E), for the He(1 1S)-He(1 1S)-He(2 1S) system, corre-
sponding to the different zeroth-order wave functions are plotted in Fig. 1.
B. Dipolar and dispersion coefficients for He(n0
λS)-He(n0
λS)-He(n′0 λP )
1. zeroth-order wave function of He(n0
λS)-He(n0
λS)-He(n′0 λP )
In this work, we need to obtain the values of these geometric parameters for specific
configurations by using degenerate perturbation theory. Here, we are only concerned with
the equilateral triangle with R12= R23 = R31 =R. The perturbation matrix with respect to
{φ1, φ2, φ3} thus becomes
H ′ = H ′12
 0 1 11 0 1
1 1 0
 , (43)
where
H ′12 =
4pi
R2L+1
(−1)M [(2L− 1)!!]2
(2L+ 1)2(L−M)!(L+M)! |〈ϕn0(0;σ)‖TL(σ)‖ϕn′0(L;σ)〉|
2 . (44)
Solving the eigenvalue problem of the above matrix (Eq. (43)) for the equilateral triangle,
one obtains the eigenvalues: 2H ′12, −H ′12, −H ′12, and the corresponding orthonormalized
zeroth-order wave functions:
Ψ
(0)
1,∆ =
1√
3
|φ1〉+ 1√
3
|φ2〉+ 1√
3
|φ3〉 , (45)
Ψ
(0)
2,∆ =
1√
2
|φ1〉 − 1√
2
|φ3〉 , (46)
Ψ
(0)
3,∆ =
1√
6
|φ1〉 −
√
2
3
|φ2〉+ 1√
6
|φ3〉 , (47)
where the symbol ∆ denotes the equilateral triangle. We note that Eq. (45) corresponds to
the “Dicke state” [4].
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2. Dipolar and dispersion coefficients for the equilateral triangle
With these zeroth-order wave functions Eqs. (45)-(47), for the isotopic He(1 1S)-He(1 1S)-
He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ), He(2 3S)-He(2 3S)-He(2 3P ) systems, the correspond-
ing long-range interaction coefficients are listed in Tables IV-VIII.
Table IV lists the first-order dipolar coefficients C
(IJ)
3 (1,M) for the equilateral triangle.
We note that these coefficients all satisfy C
(IJ)
3 (1,M = 0) =−2C(IJ)3 (1,M = ±1). For
Ψ
(0)
1,∆ with the geometric parameter a = b = c = 1/
√
3, C
(IJ)
3 (1,M = 0) are all same
and negative; C
(IJ)
3 (1,M = ±1) are all same and positive. For Ψ(0)2,∆ with the geometric
parameter b = 0, a = −c = 1/√2, C(12)3 (1,M) = C(23)(1,M)3 = 0; C(31)3 (1,M = 0) appears
positive, C
(31)
3 (1,M = ±1) negative. For Ψ(0)3,∆ with the geometric parameter b = −
√
2
3
,
a = c = 1/
√
6, C
(12)
3 (1,M = 0) and C
(23)
3 (1,M = 0) are same and positive; C
(12)
3 (1,M = ±1)
and C
(23)
3 (1,M = ±1) are same and negative. While C(31)3 (1,M = 0) appears negative,
C
(31)
3 (1,M = ±1) positive. All these relationships between these coefficients are due to
the different values of geometric parameters. These positive or negative signs mean that
different states of a fixed system may lead to different types of interaction: attraction or
repulsion.
Table V lists the leading terms of the second-order long-range interaction C
(IJ)
6 (1,M = 0)
and C
(IJ,JK)
6 (1,M = 0) for the equilateral triangle. Table VI lists C
(IJ)
6 (1,M = ±1)
and C
(IJ,JK)
6 (1,M = ±1). We note that the absolute values of C(IJ)6 (1,M = 0) and
C
(IJ,JK)
6 (1,M = 0) are always a little bit larger than those of C
(IJ)
6 (1,M = ±1) and
C
(IJ,JK)
6 (1,M = ±1), respectively. The additive interactions coefficients C(IJ)6 (1,M) are
always positive, while the nonadditive interactions coefficients C
(IJ,JK)
6 (1,M) can be pos-
tive, negative or zero. This is due to the different signs of Q4(a, b, 1,M, γ) and geometric
parameters. For example, for Ψ
(0)
2,∆, the nonadditive coefficients C
(12,23)
6 (1,M = 0) is negative
because Q4(a, b, 1,M, γ) > 0 and a = −c = 1/
√
2; the nonadditive coefficients C
(23,31)
6 (1,M)
and C
(31,12)
6 (1,M) are zero because Q4(a, b, 1,M, γ) = 0 and b = 0. The second-order
long-range interaction C
(IJ)
8 (1,M) and C
(IJ,JK)
8 (1,M)have a very similar characteristic as
C
(IJ)
6 (1,M) and C
(IJ,JK)
6 (1,M), respectively. The numerical values are listed in Tables VII-
VIII.
From Tables V-VIII, we can see that the dispersion coefficients for the additive terms
are always positive, but the dispersion coefficients for the nonadditive terms can be pos-
itive or negative or zero. Furthermore, the absolute values of the non-zero nonadditive
dispersion coefficients are less than the additive dispersion coefficients by one to two orders
of magnitude. However, the nonadditive terms may not be neglected in constructing an
accurate potential surface. For example, the ratios of (
C
(12,23)
8 (1,M=±1)
R412R
4
23
)/(
C
(12)
8 (1,M=±1)
R812
) for
the Ψ
(0)
1,∆ of He(1
1S)-He(1 1S)-He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ) and He(2 3S)-He(2 3S)-
He(2 3P ) systems, are 0.08%, 26%, 24%, respectively. The curves of potential energy
(E), for the He(1 1S)-He(1 1S)-He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ) and He(2 3S)-He(2 3S)-
He(2 3P ) systems, corresponding to the different zeroth-order wave functions are plotted in
Fig. 2 - Fig. 4, respectively.
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C. Dipolar and dispersion coefficients for the isosceles right triangle
For λ1 =
1√
2
and λ2 = 1, solving the eigenvalue problem of the above
matrix (Eq.(55)) for the isosceles right triangle, one obtains the eigenvalues:
H′12
8
(√
2 +
√
130
)
,
H′12
8
(√
2−√130) ,−H′12
2
√
2
, and the corresponding orthonormalized zeroth-
order wave functions:
Ψ
(0)
1,⊥ =
√
130−√2
2
√
65−√65
|φ1〉+ 4√
65−√65
|φ2〉+ 4√
65−√65
|φ3〉 , (48)
Ψ
(0)
2,⊥ =
−(√130 +√2)
2
√
65 +
√
65
|φ1〉+ 4√
65 +
√
65
|φ2〉+ 4√
65 +
√
65
|φ3〉 , (49)
Ψ
(0)
3,⊥ = −
1√
2
|φ2〉+ 1√
2
|φ3〉 , (50)
where the symbol⊥ denotes the isosceles right triangle. With these zero-order wave functions
Eqs. (48)-(50), for the isotopic He(1 1S)-He(1 1S)-He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ),
He(2 3S)-He(2 3S)-He(2 3P ) systems, the corresponding long-range interaction coefficients
are listed in Tables IX-XIII.
Table IX lists the first-order dipolar coefficients C
(31)
3 (1,M) for the the isosceles right
triangle. We note that C
(12)
3 (1,M) = C
(31)
3 (1,M) for all three zero-order wave functions
Ψ
(0)
1,⊥, Ψ
(0)
2,⊥ with the geometric parameters b = c and Ψ
(0)
3,⊥ with the geometric parameters
a = 0. This is also why C
(12)
3 (1,M) = C
(31)
3 (1,M) = 0 for Ψ
(0)
3,⊥. Similar with the coefficients
shown in Table IV, these coefficients also satisfy C
(IJ)
3 (1,M = 0) =−2C(IJ)3 (1,M = ±1).
But the number values of these coefficients are totally different. This is because a change in
geometric configuration would lead to the change in quantum state of the three-body system,
then lead to the change in these number values of these long-range interaction coefficients.
Tables X-XIII list the second-order dispersion coefficients C
(IJ)
6 (1,M), C
(IJ,JK)
6 (1,M),
C
(IJ)
8 (1,M) and C
(IJ,JK)
8 (1,M) for the the isosceles right triangle. We note that
C
(12)
6 (1,M) = C
(31)
6 (1,M), C
(12,23)
6 (1,M) = C
(23,31)
6 (1,M), C
(12)
8 (1,M) = C
(31)
8 (1,M) and
C
(12,23)
8 (1,M) = C
(23,31)
8 (1,M) because b = ±c, a = 0, and β = γ. Also C(31,12)8 (1,M) = 0
and C
(31,12)
6 (1,M) 6= 0 because α = pi/2 and Mt−M can be even or odd in Eq. (36). We find
that allowing for finite nuclear mass increases the additive dispersion coefficients, as shown
in Tables X-XIII. The nonadditive terms may also not be neglected in constructing a three-
body potential surface for He(n0
λS)-He(n0
λS)-Li(n′0
λP ). The curves of potential energy
(E) of the He(1 1S)-He(1 1S)-He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ) and He(2 3S)-He(2 3S)-
He(2 3P ) systems, resulting from ∆E(1) and ∆E(2) for this geometrical structure are shown
in Figs. 5 - Fig. 7, respectively.
D. Dipolar and dispersion coefficients for a straight line
For λ1 =
1
2
and λ2 = 1, solving the eigenvalue problem of the above
matrix (Eq.(55)) for the isosceles right triangle, one obtains the eigenvalues:
H′12
16
(
1 + 3
√
57
)
,
H′12
16
(
1− 3√57) ,−H′12
8
, and the corresponding orthonormalized zeroth-order
wave functions:
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Ψ
(0)
1,— =
3
√
57− 1√
1026− 6√57
|φ1〉+ 16√
1026− 6√57
|φ2〉+ 16√
1026− 6√57
|φ3〉 , (51)
Ψ
(0)
2,— =
−(3√57 + 1)√
1026 + 6
√
57
|φ1〉+ 16√
1026 + 6
√
57
|φ2〉+ 16√
1026 + 6
√
57
|φ3〉 , (52)
Ψ
(0)
3,— = −
1√
2
|φ2〉+ 1√
2
|φ3〉 , (53)
where the symbol – denotes the geometrical configuration of a straight line. With these zero-
order wave functions Eqs. (51)-(53), for the isotopic He(1 1S)-He(1 1S)-He(2 1P ), He(2 1S)-
He(2 1S)-He(2 1P ), He(2 3S)-He(2 3S)-He(2 3P ) systems, the corresponding long-range inter-
action coefficients are listed in Table XIV-XVIII.
Since the zeroth-order wave function coefficients have b = c in Eqs. (51) and (52), and
a = 0 and b = −c in Eq. (53) the dispersion coefficients have similar characteristics as the
case of the isosceles right triangle. The only differences are the values of three interior angles:
β = γ = 0 and α = 2pi, which leads to the relatively larger nonzero dispersion coefficients
C
(31,12)
8 (1,M = 0) and C
(31,12)
8 (1,M = ±1). The corresponding curves of potential energy
(E) of the He(1 1S)-He(1 1S)-He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ) and He(2 3S)-He(2 3S)-
He(2 3P ) systems resulting from ∆E(1) and ∆E(2) are shown in Fig. 8 - Fig. 10, respectively.
IV. CONCLUSION
The long-range additive dipolar and additive dispersion interactions and nonadditive
dispersion interactions C3, C6, C8 for the He(n0
λS)-He(n0
λS)-He(n′0
λL) systems He(1 1S)-
He(1 1S)-He(2 1S), He(1 1S)-He(1 1S)-He(2 1P ), He(2 1S)-He(2 1S)-He(2 1P ), and He(2 3S)-
He(2 3S)-He(2 3P ) were obtained by perturbation theory. We considered configurations of
three-like nuclei for the hypothetical infinite mass He nucleus and for the 3He and the 4He
nucleus.
The coefficients are dependent on the geometrical configuration of the atoms. We
note that the geometry dependent nonadditive dispersion interactions for the degenerate
He(n0
λS)-He(n0
λS)-He(n′0
λP ) system start to appear at the second order in the perturba-
tive treatment, in contrast to the case of three S atoms where nonadditive dispersion inter-
actions appear at third order. The formulas obtained apply to all geometrical configurations
and we demonstrated the methodology for three basic types of geometrical configurations
(nuclei forming an equilateral triangle or an isosceles triangle, or nuclei equally-spaced and
collinear) by calculating coefficients to high precision using variational wave functions in
Hylleraas coordinates. Our numerical results may be useful in constructing accurate three-
body potential curves and for applications to scattering and recombination studies.
The present numerical approach differs from widely-used “single-electron” approaches
(e.g. “model potentials”) used for the calculation of trimer interactions involving three
highly-excited alkali-metal atoms each in a Rydberg state, see for example Ref. [24], in that
we include fully the correlation of the electrons in the He atoms. On the other hand, the
electronic structure of metastable triplet He atoms is similar to alkali-metal atoms in the
sense of having a single active electron, so a comparison with the theory of Ref. [24] might
be possible.
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V. APPENDIX
In the present work, we take the mutual electrostatic interactions VIJ between pairs
of atoms for the He(n0
λS)-He(n0
λS)-He(n′0
λS) system as a perturbation. According to
degenerate perturbation theory, the zero-order wave function of the unperturbed system
can be written as, ∣∣Ψ(0)〉 = a |φ1〉+ b |φ2〉+ c |φ3〉 . (54)
where φ1, φ2, φ3 are three orthogonal eigenvectors corresponding to the same energy eigen-
value E
(0)
n0n0n′0
= 2E
(0)
n0S
+ E
(0)
n′0S
. With the zeroth-order wavefunction of Eq. (54), we can
derive general formulas of the dispersion coefficients for the He(1 1S)-He(1 1S)-He(2 1S) sys-
tem. The values of coefficients a, b and c can be obtained by the degenerate perturbation
theory.
A. The zeroth-order wave function
According to degenerate perturbation theory, the zeroth-order energy correction is ob-
tained by the perturbation matrix with respect to {φ1, φ2, φ3},
H ′ =
 ∆11 ∆12 ∆13∆∗12 ∆22 ∆23
∆∗13 ∆
∗
23 ∆33
 , (55)
where
∆11 = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
|〈φ1|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉|2
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= −
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×|〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
−
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EntLt + EnuLu − 2E(0)n0S
−
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×|〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EnsLs + EnuLu − En0S − En′0S
,
(56)
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∆22 = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
|〈φ2|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉|2
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= −
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
−
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×|〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EntLt + EnuLu − E(0)n0S − E
(0)
n′0S
−
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EnsLs + EnuLu − 2En0S
,
(57)
∆33 = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
|〈φ3|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉|2
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= −
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − 2E(0)n0S
−
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|
2|〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EntLt + EnuLu − E(0)n0S − E
(0)
n′0S
−
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EnsLs + EnuLu − En0S − En′0S
,
(58)
∆12 = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
〈φ1|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉∗
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×〈φ2|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= −
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉∗〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉∗
×〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
,
(59)
∆13 = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
〈φ1|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉∗
×〈φ3|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= −
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉∗〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉∗
×〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉
EnsLs + EnuLu − En0S − En′0S
,
(60)
∆23 = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
〈φ2|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉∗
×〈φ3|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= −
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉∗〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉∗
×〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉
EntLt + EnuLu − E(0)n0S − E
(0)
n′0S
,
(61)
Then solve this eigenvalue problem to get the eigenvalues and corresponding zeroth-order
wave functions.
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B. The second-order energy correction
The second-order energy correction is given by
∆E(2) = −
∑
nsntnu
∑
LsLtLu
∑
MsMtMu
|〈Ψ(0)|V123|χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς)〉|2
EnsLs;ntLt;nuLu − E(0)n0S;n0S;n′0S
= V
(2)
12 + V
(2)
23 + V
(2)
31 , (62)
where χns(LsMs;σ)χnt(LtMt;ρ)χnu(LuMu; ς) is an intermediate state of the system with
the energy eigenvalue EnsLs;ntLt;nuLu = EnsLs + EntLt + EnuLu . It is noted that the above
summations should exclude terms with EnsLs;ntLt;nuLu = E
(0)
n0S;n0S;n′0L
. Then the three addi-
tive terms in the second-order energy correction, denoted by V
(2)
12 , V
(2)
23 , and V
(2)
31 , become
respectively
V
(2)
12 = −|a|2
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×|〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
− |b|2
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
− |c|2
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − 2E(0)n0S
− a∗b
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉∗〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉∗
×〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
− b∗a
∑
nsnt
∑
LsLt
∑
MsMt
16pi2
R2Ls+2Lt+212
[PMs+MtLs+Lt (0)(Ls + Lt −Ms −Mt)!]2(Ls, Lt)−2
(Ls +Ms)!(Ls −Ms)!(Lt +Mt)!(Lt −Mt)!
×〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉∗〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉∗
×〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
= −
{
|a|2
∑
nsnt
∑
LsLt
K1(ns, nt, Ls, Lt)
R2Ls+2Lt+212
+ |b|2
∑
nsnt
∑
LsLt
K1(nt, ns, Lt, Ls)
R2Ls+2Lt+212
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+ |c|2
∑
nsnt
∑
LsLt
K2(ns, nt, Ls, Lt)
R2Ls+2Lt+212
+ a∗b
∑
nsnt
∑
LsLt
K3(ns, nt, Ls, Lt)
R2Ls+2Lt+212
+ b∗a
∑
nsnt
∑
LsLt
K∗3(ns, nt, Ls, Lt)
R2Ls+2Lt+212
}
, (63)
V
(2)
23 = −|a|2
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EntLt + EnuLu − 2E(0)n0S
− |b|2
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×|〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EntLt + EnuLu − E(0)n0S − E
(0)
n′0S
− |c|2
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|
2|〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EntLt + EnuLu − E(0)n0S − E
(0)
n′0S
− b∗c
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉∗〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉∗
×〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉
EntLt + EnuLu − E(0)n0S − E
(0)
n′0S
− c∗b
∑
ntnu
∑
LtLu
∑
MtMu
16pi2
R2Lt+2Lu+223
[PMt+MuLt+Lu (0)(Lt + Lu −Mt −Mu)!]2(Lt, Lu)−2
(Lt +Mt)!(Lt −Mt)!(Lu +Mu)!(Lu −Mu)!
×〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉∗〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉∗
×〈ϕn′0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉
EntLt + EnuLu − E(0)n0S − E
(0)
n′0S
= −
{
|a|2
∑
ntnu
∑
LtLu
K2(nt, nu, Lt, Lu)
R2Lt+2Lu+223
+ |b|2
∑
ntnu
∑
LtLu
K1(nt, nu, Lt, Lu)
R2Lt+2Lu+223
+ |c|2
∑
ntnu
∑
LtLu
K1(nu, nt, Lu, Lt)
R2Lt+2Lu+223
+ b∗c
∑
ntnu
∑
LtLu
K3(nt, nu, Lt, Lu)
R2Lu+2Lt+223
+ c∗b
∑
ntnu
∑
LtLu
K∗3(nt, nu, Lt, Lu)
R2Lt+2Lu+223
}
, (64)
V
(2)
31 = −|a|2
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
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×|〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EnsLs + EnuLu − En0S − En′0S
− |b|2
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EnsLs + EnuLu − 2En0S
− |c|2
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|
2|〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉|2
EnsLs + EnuLu − En0S − En′0S
− c∗a
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉∗〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉∗
×〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉
EnsLs + EnuLu − En0S − En′0S
− a∗c
∑
nsnu
∑
LsLu
∑
MsMu
16pi2
R2Ls+2Lu+231
[PMu+MsLu+Ls (0)(Lu + Ls −Mu −Ms)!]2(Lu, Ls)−2
(Lu +Mu)!(Lu −Mu)!(Ls +Ms)!(Ls −Ms)!
×〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉∗〈ϕn0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉∗
×〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉〈ϕn′0(0; ς)‖TLu(ς)‖χnu(Lu; ς)〉
EnsLs + EnuLu − En0S − En′0S
= −
{
|a|2
∑
nsnu
∑
LsLu
K1(ns, nu, Ls, Lu)
R2Lu+2Ls+231
+ |b|2
∑
nsnu
∑
LsLu
K2(ns, nu, Ls, Lu)
R2Ls+2Lu+231
+ |c|2
∑
nsnu
∑
LsLu
K1(nu, ns, Lu, Ls)
R2Ls+2Lu+231
+ a∗c
∑
nsnu
∑
LsLu
K3(nu, ns, Lu, Ls)
R2Ls+2Lu+231
+ c∗a
∑
nsnu
∑
LsLu
K∗3(nu, ns, Lu, Ls)
R2Ls+2Lu+231
}
, (65)
In the above, the Ki functions are defined by
K1(ns, nt, Ls, Lt) = G1(Ls, Lt)
|〈ϕn′0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|2|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
,
(66)
K2(ns, nt, Ls, Lt) = G1(Ls, Lt)
|〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉|2|〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉|2
EnsLs + EntLt − 2E(0)n0S
,
(67)
K3(ns, nt, Ls, Lt) = G1(Ls, Lt)〈ϕn0(0;σ)‖TLs(σ)‖χns(Ls;σ)〉∗〈ϕn′0(0;ρ)‖Tl′2(ρ)‖χnt(Lt;ρ)〉∗
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× 〈ϕn′0(0;σ)‖Tl1(σ)‖χns(Ls;σ)〉〈ϕn0(0;ρ)‖TLt(ρ)‖χnt(Lt;ρ)〉
EnsLs + EntLt − E(0)n0S − E
(0)
n′0S
.
(68)
where G1(Li, Lj) is further defined by:
G1(Li, Lj) = 16pi
2(Li, Lj)
−2 ∑
MiMj
[P
Mi+Mj
Li+Lj
(0)(Li + Lj −Mi −Mj)!]2
(Li +Mi)!(Li −Mi)!(Lj +Mj)!(Lj −Mj)! . (69)
Then the second-order energy correction is simplified as,
∆E(2) = −
∑
n≥3
(
C
(12)
2n
R2n12
+
C
(23)
2n
R2n23
+
C
(31)
2n
R2n31
)
. (70)
where C
(IJ)
2n are the additive dispersion coefficients. These coefficients can be expressed as
C
(12)
2n (L,M) = |a|2
∑
nsnt
∑
LsLt
K1(ns, nt, Ls, Lt) + |b|2
∑
nsnt
∑
LsLt
K1(nt, ns, Lt, Ls)
+ |c|2
∑
nsnt
∑
LsLt
K2(ns, nt, Ls, Lt) + a
∗b
∑
nsnt
∑
LsLt
K3(ns, nt, Ls, Lt)
+ b∗a
∑
nsnt
∑
LsLt
K∗3(ns, nt, Ls, Lt) , (71)
C
(23)
2n (L,M) = |a|2
∑
ntnu
∑
LtLu
K2(nt, nu, Lt, Lu) + |b|2
∑
ntnu
∑
LtLu
K1(nt, nu, Lt, Lu)
+ |c|2
∑
ntnu
∑
LtLu
K1(nu, nt, Lu, Lt) + b
∗c
∑
ntnu
∑
LtLu
K3(nt, nu, Lt, Lu)
+ c∗b
∑
ntnu
∑
LtLu
K∗3(nt, nu, Lt, Lu) , (72)
C
(31)
2n (L,M) = |a|2
∑
nsnu
∑
LsLu
K1(ns, nu, Ls, Lu) + |b|2
∑
nsnu
∑
LsLu
K2(ns, nu, Ls, Lu)
+ |c|2
∑
nsnu
∑
LsLu
K1(nu, ns, Lu, Ls) + a
∗c
∑
nsnu
∑
LLsLu
K∗3(nu, ns, Lu, Ls)
+ c∗a
∑
nsnu
∑
LsLu
K3(nu, ns, Lu, Ls) , (73)
20
TABLE I: Values of T1, T2, T3, R1, R2, R3 for the He(1 1S)-He(1 1S)-He(2 1S) system, in atomic
units. All these quantities are independent of the geometrical configuration formed by the three
atoms. The numbers in parentheses represent the computational uncertainties.
Atom T1 T2 T3 R1 R2 R3
∞He 41.8413161(1) 1.4609778377(1) 2.90911603(1) 3310.4418(1) 14.11785735(1) 96.090681(2)
4He 41.8723173(1) 1.4621228531(1) 2.91128666(1) 3312.0535(1) 14.12578804(1) 96.141508(2)
3He 41.8824647(1) 1.4624976699(1) 2.91199719(1) 3312.5809(1) 14.12838381(1) 96.158143(2)
TABLE II: Values of D0(M = 0), D0(M = ±1), D1(M = 0), D1(M = ±1), D2, Q1(M = 0),
Q1(M = ±1), Q2, Q3(M = 0), and Q3(M = ±1) for the He(n0 λS)-He(n0 λS)-He(n′0 λP ) system,
in atomic units. All these quantities are independent of the geometrical configuration formed by
the three atoms. The numbers in parentheses represent the computational uncertainties.
Atom D0(M = 0) D0(M = ±1) D1(M = 0) D1(M = ±1) D2
Q1(M = 0) Q1(M = ±1) Q2 Q3(M = 0) Q3(M = ±1)
He(1 1S)-He(1 1S)-He(2 1P )
∞He −0.1770556027(1) 0.0885278013(1) 32.6430764067(3) 45.758183356(1) 1.4609778377(1)
377.0136(1) 5123.8556(1) 14.1178573524(3) 19.5357464(2) −78.9244427(5)
4He −0.1770765305(1) 0.0885382652(1) 32.6709827359(1) 45.797120320(1) 1.4621228531(1)
376.9508(1) 5127.4835(1) 14.1257880415(1) 19.5451867(2) −78.9606567(6)
3He −0.1770833800(1) 0.0885416900(1) 32.6801176662(2) 45.809866024(1) 1.4624976699(1)
376.9301(1) 5128.6709(1) 14.1283838158(2) 19.5482763(2) −78.9725084(6)
He(2 1S)-He(2 1S)-He(2 1P )
∞He −8.5048343026(1) 4.2524171513(1) 4068.2(1) 4849.0(2) 11241.0468(1)
456379(2) 1547973(4) 817250.251(2) 36573.7501(1) −962005.7512(1)
4He −8.5078707885(1) 4.2539353942(1) 4071.8(1) 4853.3(2) 11247.7393(1)
456573(2) 1548946(5) 817626.242(2) 36641.8289(1) −962545.9503(1)
3He −8.5088643582(1) 4.2544321791(1) 4073.0(1) 4854.7(2) 11249.9297(1)
456635(3) 1549265(5) 817749.274(2) 36664.1093(1) −962722.7314(1)
He(2 3S)-He(2 3S)-He(2 3P )
∞He −6.4077465538(1) 3.2038732769(1) 1862.5727(2) 2251.4034(2) 3276.6801(3)
135961.610(2) 531453.96(2) 210566.55(2) 32944.5218(1) −291050.4284(1)
4He −6.4090875602(1) 3.2045437801(1) 1863.4728(2) 2252.4905(1) 3279.4590(3)
135980.281(2) 531566.81(2) 210667.81(2) 32941.0762(1) −291128.5937(1)
3He −6.4095263009(2) 3.2047631504(1) 1863.7672(1) 2252.8465(2) 3280.3686(2)
135986.388(2) 531603.71(1) 210700.95(2) 32939.9454(1) −291154.1703(1)
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TABLE III: The additive dispersion coefficients C
(IJ)
6 and C
(IJ)
8 of the He(1
1S)-He(1 1S)-He(2 1S)
system for three different types of the zeroth-order wave functions, where the three atoms form
an equilateral triangle, in atomic units. The numbers in parentheses represent the computational
uncertainties.
Atom State C
(12)
6 C
(23)
6 C
(31)
6 C
(12)
8 C
(23)
8 C
(31)
8
∞He Ψ(0)1,∆ 30.320614(1) 30.320614(1) 30.320614(1) 2275.727(1) 2275.727(1) 2275.727(1)
Ψ
(0)
2,∆ 21.651146(1) 21.651146(1) 38.932200(1) 1662.279(1) 1662.279(1) 3214.351(1)
Ψ
(0)
3,∆ 33.171849(1) 33.171849(1) 15.890795(1) 2696.994(1) 2696.994(1) 1144.922(1)
4He Ψ
(0)
1,∆ 30.343110(1) 30.343110(1) 30.343110(1) 2276.838(1) 2276.838(1) 2276.838(1)
Ψ
(0)
2,∆ 21.667220(1) 21.667220(1) 38.961030(1) 1663.089(1) 1663.089(1) 3215.912(1)
Ψ
(0)
3,∆ 33.196427(1) 33.196427(1) 15.902616(1) 2698.304(1) 2698.304(1) 1145.482(1)
3He Ψ
(0)
1,∆ 30.350473(1) 30.350473(1) 30.350473(1) 2277.202(1) 2277.202(1) 2277.202(1)
Ψ
(0)
2,∆ 21.672481(1) 21.672481(1) 38.970467(1) 1663.354(1) 1663.354(1) 3216.422(1)
Ψ
(0)
3,∆ 33.204472(1) 33.204472(1) 15.906485(1) 2698.733(1) 2698.733(1) 1145.665(1)
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FIG. 1: Long-range potentials for the He(1 1S)-He(1 1S)-He(2 1S) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2),
where ∆E(1)=0.
FIG. 2: Long-range potentials for the He(1 1S)-He(1 1S)-He(2 1P ) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
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FIG. 3: Long-range potentials for the He(2 1S)-He(2 1S)-He(2 1P ) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
FIG. 4: Long-range potentials for the He(2 3S)-He(2 3S)-He(2 3P ) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
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FIG. 5: Long-range potentials for the He(1 1S)-He(1 1S)-He(2 1P ) system for three different types
of the zeroth-order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
FIG. 6: Long-range potentials for the He(2 1S)-He(2 1S)-He(2 1P ) system for three different types
of the zeroth-order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
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FIG. 7: Long-range potentials for the He(2 3S)-He(2 3S)-He(2 3P ) system for three different types
of the zeroth-order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
FIG. 8: Long-range potentials for the He(1 1S)-He(1 1S)-He(2 1P ) system for three different types
of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units.
For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
41
FIG. 9: Long-range potentials for the He(2 1S)-He(2 1S)-He(2 1P ) system for three different types
of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units.
For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
FIG. 10: Long-range potentials for the He(2 3S)-He(2 3S)-He(2 3P ) system for three different types
of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units.
For each curve labeled by a wave function, the plotted curve is the sum of ∆E(1) and ∆E(2).
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